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Models with steady state

We are interested in models with a steady state
They need not be long-run growth models, but they need to be
stable so

t“j;of(zt) =f (2) )

where Z is a vector of suitably transformed stationary variables.
Otherwise we cannot do policy analysis. This is Samuelsons (1941,
1942) correspondence principle—see Evans and Honkapohja
(2007) for a recent reappraisal.

To motivate, some classical and simple model examples follow.



Keynesian multiplier model
Foundation of policy and disequilibrium macro
No growth, discrete time:

Ye=Ci+1
CG=c+aYia
with constant steady state
Co 1

Y = 1.
1-— C1 + 1-— C1
if c1 < 1. The model is cast in Equilibrium Correction form

(EqCM) as:
Yi—Yia=a—(1—ca) VY +1
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AYi=—(1-a)(Ye1—Y).



Solow-Swan growth model |

Foundation of growth literature

In discrete time, with population growth and technological
progress, see f. ex. Blanchard and Fischer (1989):

Yt = Ct + It
Ye = F(AtNe, K1)
Ct = (]. — S) Yt

I = Kt — Ki—1 + 0K 1
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If the production function satisfies the Inada conditions, the
stability condition (1=9) 1 of

1+g

s/ (Gamy,) =0+ 8) ((Aﬂlv{m> -9 (G

)

N
~— — ~— —

~

~ o~ o~ o~



Solow-Swan growth model Il

Foundation of growth literature

gives per capita efficiency level of capital of
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Ramsey growth model in continous time
Foundation of the RBC literature

1. order Taylor expansion of model in per capita terms, no
technological progress or depreciation, see Blanchard and Fischer
(1989):
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The stability conditon is now



Phillips’ (1954, 1957) proportional control model

Foundation of policy control literature

Continous time with no growth, see Turnovsky (1977, p. 322-323):
<\:/(t))_<a(c—1) a ><Y—Y*)
G (1) — By - G- G*
The stability conditions are

a(c—1)—p<0
aB(y+1—-¢)>0,



New Keynesian Model with Taylor rule
Presently
Discrete time, no growth, see Wickens (2008, p. 358-369):

Ape = p+ BEApey1 + yxe + exe
xt = Etxep1 — o (Re — EtApey1 — 0) + ext
Re =0+ 7" 4 p(Ap: — Ap™) + vx: + ery
where Ap is inflation, x is the output gap and R is the interest

rate and the e-s are shocks. If 1 > > 0, the solutions

B
i ) I+a(v+py)
for inflation and output gap are

(14 av) et + v (ext — aerr)

Ap; = Ap*
pe P 14+ a(v+ wy)
o — —Qierr — ext + aery
' 1+a(v+u)

so on average inflation Ap is equal to the target Ap* and the
output gap x is zero.



Vector Autoregressive Representations (VARs) |

We follow the exposition in Liitkepohl (2005)—see there for
further details
We are interested in analyzing the k-dimensional VAR(p) process y;

P
yr = ZAthfi +ug, ur ~(0,X,)
i=1
The system is stable if

|—N| =det(ly —Ayz—---—A,zP) #0 for |z| < 1.



Structural VARs (SVARs) |

The system has a so-called Wold Moving Average representation
(intuitively, "solving" by recursive substitution):

oo S
ye =) Qe &= &AL s=12..., & =1,
i=0 j=1

> The elements of ®; are the responses of the variables to
changes in the errors.

» Since the errors most likely are correlated, the responses will
not reflect shocks to the variables.

» Solution:

» make errors uncorrelated: innovations

> the new response functions should now reflect unique impulses
to the variables: impulse response functions.

» Example: the "A-model"



Structural VARs (SVARs) Il

1. Assume the underlying identified model

p
Aoy: = Ao Z Aiyi—i + Aoug.
i—1

Aju; = ¢ ~ (0,Z:), % = ApZ,Ap

where . = AgY,Aj is the diagonal covariance matrix of the
model errors—the innovations.
2. The MA-representation is now

yi = Zd),»Ao_leut,,- = Z @,'5f,,'
i=0 =0

3. The elements of ©; are the unique impulse responses.

» We will return to this under the heading of dynamic
multipliers.

» The fundamental paper on SVARs with common trends and
cointegration is King, Plosser, Stock, and Watson (1991).



Structural VARs (SVARs) I

» See Anders Warne's lecture notes at
http://www.texlips.net/download/lecture_notes.pdf
for a brilliant introduction to this literature.


http://www.texlips.net/download/lecture_notes.pdf

VAR representations of DSGE models |

VAR solution

This follows Fernandez-Villaverde, Rubio-Ramirez, Sargent, and
Watson (2007). In compact notation the (log-linearised)
equilibrium conditions of a large class of models, including DSGE
models, can be written

FE:&iv1 + G& + HE -1 = Juy, (7)

where &; is a vector of state variables and u; is a vector of
uncorrelated white noise shocks (e.g., shocks to technology and
preferences) and the elements in the coefficient matrices are
non-linear functions of the underlying structural parameters in the
DSGE model.

If the Blanchard-Kahn conditions (see Blanchard and Kahn
(1980)) are satisfied, the model has a unique stable solution

&t = A1 + Bug.



VAR representations of DSGE models Il

VAR solution ) )
Adding a set of measurement equations relating the elements of &;

to a vector of observable variables y; gives the state-space
representation

§t = ASt—1 + Buy (8)
vt = C&—1 + Dug. (9)

If D is non-singular we get from (9)

up =D (ye — C&1),
which substituted into (8) and rearranging gives
& = Ab—1+ BD ! (yp — C&1)
= (A= BD*C) &1+ BD 1y,
(I-(A=BD™'C)L)& = BD 'y,



VAR representations of DSGE models IlI
VAR solution

» The solution can be approximated by a vector autoregression
(VAR) (or a vector equilibrium correction model (VEqQCM)) if
the moving average (MA) representation is invertible (that is,
it must be possible to recover the shocks u; from the current
and lagged values of the observables (see e.g., Watson
(1994)).

> If the number of observables equals the number of shocks and
D~ exists, a necessary and sufficient condition for
invertibility is that the eigenvalues of A — BD™1C are strictly
less than one in modulus (see Fernandez-Villaverde,
Rubio-Ramirez, Sargent, and Watson (2007)).



VAR representations of DSGE models IV

VAR solution
If this condition is satisfied, then

&= (A-BDC) BD ty, ;.
j=0
Shifting back one period and substituting into (9) then gives the
VAR representation

ye=CY (A-BD'C)Y BD 'y j 1 +Du.  (10)
j=0

» If all the endogenous state variables are observable and
included in the VAR, the VAR representation is of finite order
(e.g., Ravenna (2007)).

» In general, however, the VAR is of infinite order
(corresponding to a VARMA representation).



An example: the New Keynesian Phillips Curve
The model is

Apy = b EeApesy + bJiApe_1 + bpoxe + €pt (11)
Xt = DxXt—1 + Ext (12)

where all coefficients are assumed to be between zero and one.
The solution (the statistical system) is

< Ap ) _ [ @ Ab[ﬂt()leixbx) ( Ap > . < Up )
X t 0 by X t—1 Ux t7
1 bpo
( tp ) _ ( T Bies) ) < 2 )
U /4 0 1 Ex /¢




Hard to find |

Standard dynamic price-wage model
1 -7 Ap\ _ (1 m Ap
—52 1 X t 51 1 X t—1
(0 g\ (%
0 d3 u . e /,
with statistical system (reduced form)

_ph+l  mtw
Ap — Y202—1 Y202—1 Ap + Vp
X . _ 0146 mbe+l x - Ve t’

Y2021 Y202—1
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Hard to find Il

could be observationally equivalent—same with conditional models.

» See Bardsen, Jansen, and Nymoen (2004) for testing with
conditional models.



Estimation and identification |

Errors in variables

Remember that the model is

Ap: = b,Cl E:Ap:y1 + bglAPt—l + bpoxt + €pt

which can be rewritten as

T = YETei1 + 0x¢ + Vpr.

where m = Ap; — a1 Ap;—1 and «a; is the backward stable root of
the solution. The model is often estimated by means of
instrumental variables, using the “errors in variables” method

(evm)—where expected values are replaced by actual values and
the expectational errors:

T = YTe41 + 0Xe + Vpr — YNes1- (13)



Estimation and identification Il

Errors in variables

The implications of estimating the model by means of the “errors
in variables” method is to induce moving average errors. Following

Blake (1991), this can be readily seen using the expectational
errors as follows.



Estimation and identification Il

Errors in variables

1. Lead (18) one period and subtract the expectation to find the
RE error:

Ne41 = YEemet2 + 0xe1 + Vpry1 — Eeesa

S by d by
= m X1+ 0Xeqp1 + Vpryl — 1— by Xt

~
1)
= <1 > (Xe41 — bxxe) + Vpry1

_rybx

) Ext+1 + Vpt+1



Estimation and identification 1V

Errors in variables

2. Substitute into (13):

¥d
Tt = Y1 + 0Xe + Vor — YVpry1 — 1— by Ext41-

3. Finally, reexpress in terms of original variables:

1 b
Ap; — a1Apr1 = () (Apry1 — arAps) + fp2 Xt
(%) bplag

(3) (5
—— |ept — | — Ept41 — | ——F—~ | Ext+1-
b;lag Pt (6] b;lotg Pt 1— ( 1 ) bx o

ay




Estimation and identification V

Errors in variables
Giving

Ap; = bff,lAle + bglAPt—l + bpax;

+e 1 € by2 £
pt o pt+1 o — bx xt+1,

where we have exploited the two well-known relationships between

the roots:
o1 + o i
1 2 bﬁl
Q1o = bil
bf



Estimation and identification VI

Errors in variables

So even though the original model has white noise errors, the
estimated model will have first order moving average errors.



Does the MA(1) process prove that the forward solution
applies? |

Assume that the true model is
Ap: = b1 Api—1 +ept,  |bp1| <1

and the the following model is estimated by means of instrumental
variables
f f
Ap; = bplApt—l—l +ept

What are the proprties of 5£t?

S,Ct = Apy — b,ClAPH—l

Assume, as is common in the literature, that we find that b;l ~ 1.
Then

E;f ~ Apt - Api.“Jrl = —A2Pt+1
= —[ept+1 + (bp1 — L)ept +...].-



Does the MA(1) process prove that the forward solution
applies? |l

So we get a model with a moving average residual, but this time
the reason is not forward looking behaviour but misspecification.
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Appendix: Solution of the New Keynesian Phillips Curve

Method of repeated substitution

All of the Rational expectations techniques rely on the law of
iterated expectations, saying

EtEt i kxttj = Etxeyj,

that your average revisions of expectations given more information
will be zero. The method of repeated substitution is the brute
force solution, cumbersome and not very general. But since it's
also instructive to see exactly what goes on, we use with this
method. See Bé&rdsen, Eitrheim, Jansen, and Nymoen (2005,
Appendix Al) for alternative analytical methods and McCandless
(2008) and Dejong and Dave (2007) for general methods based on
matrix decompositions.



We start by using a trick to get rid of the lagged dependent
variable, following Pesaran (1987, p. 108-9), by defining

Apy = + aApr_g (14)

where a will turn out to be the backward stable root of the process
Of Apt‘
We take expectations one period ahead

E:Apry1 = Eymeyr + aEtApy

E:Apey1 = Ermeg1 + ame + o Ape_1.



Next, we substitute for E;Ap;y1 into original model:

Ty + Ap_1 = b;l (Eﬂrt+1 + amy + a%flApt_l)
+b51Apt—1 + bp2X1_L + Ept

bt bf a? —a+ b
pl pl pl
e = | ——— | Esmeq1 + Ap;_
‘ (1—[321@) e ( 1—b[’;1a Pe-t

N bp2 . + 1 .
t t-
1-— b;loz 1-— b;loz

The parameter « is defined by

bfyo® — o+ bh =0
or b
1 b

o — Pl _o



with the solutions

14+ /1 —4bf bb
oy }: p17pL (16)

%) 2b,

The model will typically have a saddle point behaviour with one
root bigger than one and one smaller than one in absolute value. In
the following we will use the backward stable solution, defined by:

<1.
2b,§1

a1 =



In passing might be noted that the restriction bgl =1- b£1 often
imposed in the literature implies the roots

ay =1,

as given in (16) as before. We choose || < 1 in the following.
So we now have a pure forward-looking model

bf b 1
pl p2
mr=|—"FF—|Emp1+| —— | xe+ | ——— | €pt-
! (1—b£10z1> et <l—b;§1a1> ! (1—b;1041 Pt



Finally, using the relationship

n 1

a1+ oy = —

between the roots, see f.ex. Chiang (1984, p. 506), so:
1-— b;la]_ = b;]_OZQ,

the model becomes

1 b 1
T = <) Et7Tt+1 + fp2 Xt + F Ept
(%) bp10‘2 bplaz

T = YEmip1 + 0x¢ + Vpr




Following Davidson (2000, p. 109-10), we now derive the solution
in two steps:

1. Find Et7Tt+1

2. Solve for m;.

Find Et7Tt+]_:
Define the expectational errors as:

Ner1 = Teyp1 — Eemeyr. (20)

We start by reducing the model to a single equation:

T = YTe41 + ObuXe—1 + 0xt + Vpr — Y41



Solving forwards then produces:

e =7 (VTeq2 + ObyXt 4 0exe 41 + Vpra1 — VNe42)
+ 0buXe—1 + Oext + Vpr — YNe41
= (Obxxt—1 + dext + Vpr — YNe+1)

+ v (0bxxt + dextt1 + Vpr+1 — Ve42) + (7)2 42

n

i 1
= (V) (Obxxesj—1 + exer + Vpraj — Merjrt) + ()"

Jj=0
By imposing the transversality condition:

lim (7)™ Tepe1 =0

n—oo

Tt+n+1-



and then taking expectations conditional at time t, we get the
“discounted solution”:

Ecmes1=Y (7)Y (0bs Eixitj + 0Eextyjt1 + EtVpryjr1 — YEMi4j42)

ST

—
Il
o

(7)j (6 bx EtXt+j) :

o

-
Il
o

However, we know the process for the forcing variable, so:

Ei_1x: = byxi—1
Eix = x¢
Eixiy1 = byx:
Eixt12 = Et (Et+1Xt+2) = Etbyxtr1 = b)2<Xt

EtXt+_j = bf(Xt.



We can therefore substitute in:

Eimipr = Z (’Y)j (5bxb{<Xt)
j=0

=0be Y (vh) xt
j=0

[ by
= 1 —’ybx Xt

and substitute back the expectation into the original equation:

Tt = '}/Et’]TH,l + 6Xt + Vpt

ob
=~ <1_;bx>xt+6xt+vpt.




Finally, using (14) and (19) we get the complete solution:
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